We prove some regularity properties (convexity, closeness, compactness and preservation of upper hemicontinuity) for distributions and regular conditional distributions of correspondences under the nowhere equivalence condition. We show the necessity of the nowhere equivalence condition when any of these properties holds.
Introduction
The theory of correspondences, which has important applications in a variety of areas (including optimization, control theory and mathematical economics), has been studied extensively in recent years. However, basic regularity properties on the distribution of a correspondence such as convexity, closeness, compactness and preservation of upper hemicontinuity may all fail when the underlying probability space is the Lebesgue unit interval; see for example [10] and [12] among others.
These issues are resolved in [12] by considering a class of rich measure spaces, the so-called Loeb measure spaces constructed from the method of nonstandard analysis. It is further shown in [10] that the abstract property of saturation on a probability space is not only sufficient but also necessary for any of these regularity properties for distributions of correspondences to hold.
As noted in [5] and [9] , a saturated probability space is necessarily rich with measurable sets in the sense that any of its nontrivial sub-measure space is not countably generated module null sets. However, in applications, one often encounters measure spaces that are countably generated (thus not saturated). To reconcile this possibility of non-absolute richness, we consider a concept that captures in a certain sense relative richness, which we call "nowhere equivalence" between a σ-algebra and its sub-σ-algebra. Formally, let (T, T , λ) be an atomless probability space and F a countably generated sub-σ-algebra of T . Then T is said to be nowhere equivalent to F if these two σ-algebras do not coincide on any non-negligible subset of T . 1 The first aim of this paper is to study all the regularity properties on the distribution of a correspondence as discussed above under the condition of nowhere equivalence. If a correspondence G is F-measurable and its selections are allowed to be T -measurable, then Theorem 1 below shows that the regularity properties on the distribution of a correspondence could be retained for the distribution of G. Furthermore, Theorem 2 below shows the nowhere equivalence condition can be derived from any of those regularity properties. It is easy to see that an atomless probability space is saturated if and only if it is nowhere equivalent to any countably generated sub-σ-algebra. Thus, Theorems 1 and 2 here sharpen the corresponding results in [10] . 2 The second aim of this paper is to extend those regularity properties to regular conditional distribution of a correspondence. 3 Based on the nowhere equivalence condition, we show that the set of regular conditional distributions induced by all the T -measurable selections of an F-measurable correspondence will satisfy the usual regularity properties of convexity, closeness, compactness and preservation of upper hemicontinuity. Since the results for distribution of a correspondence are direct consequences of those results for the regular conditional distribution of a correspondence, the necessity of the nowhere equivalence condition thus follows from any of the regularity properties on regular conditional distribution of a correspondence.
The rest of the paper is organized as follows. The nowhere equivalence condition is introduced in Section 2. Results on distributions and regular conditional distributions of correspondences are presented in Section 3 and 4 respectively.
Nowhere equivalence
Throughout this paper, the triples (T, T , λ) will denote an atomless probability space with a complete countably additive probability measure λ. For any nonnegligible subset E ∈ T , the restricted space (E, T E , λ E ) of (T, T , λ) on E is defined as follow: T E is the σ-algebra {E ∩ E ′ : E ′ ∈ T } and λ E is the probability measure re-scaled from the restriction of λ to T E . Let F be a sub-σ-algebra of T . Then the restricted space (E, F E , λ E ) can be defined similarly. The usual Lebesgue unit interval is denoted by (I, I, η), i.e., the unit interval I = [0, 1] endowed with the Borel σ-algebra I and the Lebesgue measure η. Hereafter, let X and Y be Polish spaces (complete metrizable topological space), and M(X), M(Y ) the spaces of all Borel probability measures endowed with the weak topology. Then M(X) and M(Y ) are again Polish spaces.
Definition 1. (1) T is said to be nowhere equivalent to F if for every
there exists a T -measurable subset D 0 of D such that on some set of positive probability,
(3) T is said to be relatively saturated with respect to F if for any Polish spaces 3 To the best of our knowledge, this paper is the first to consider regular conditional distribution of a correspondence.
X and Y , any measure µ ∈ M(X × Y ), and any F-measurable mapping f from T to X with λf −1 = µ X , there exists a T -measurable mapping g from
(4) F admits an atomless independent supplement in T if there exists another sub-σ-algebra H of T such that (T, H, λ) is atomless, and for any
The following proposition is from [8] . It shows that these four characterizations of the relation between σ-algebras T and F are equivalent given that F is countably generated. 4 Proposition 1. If F is countably generated, the following statements are equivalent.
(i) T is nowhere equivalent to F.
(ii) T is conditional atomless over F.
(iii) T is relatively saturated with respect to F.
(iv) F admits an atomless independent supplement in T .
Distributions of correspondences 3.1 Background
A correspondence F from T to X is a mapping from T to the family of nonempty subsets of X, i.e., P(X) − ∅. A correspondence F is said to be measurable if its graph belongs to the product σ-algebra T ⊗ B(X), where B(X) is the Borel
for λ-almost all t ∈ T . The correspondence F is said to be closed (resp. compact, convex) valued if F (t) is a closed (resp. compact, convex) subset of X for all λ-almost all t ∈ T .
A correspondence F from a topological space Y to another topological space Z is said to be upper-hemicontinuous at y 0 ∈ Y if for any open set O Z that contains
F is upper-hemicontinuous if it is upper-hemicontinuous at every point y ∈ Y .
Every Polish space admits a (not necessarily complete) totally bounded metric (see [1] ). Suppose d is a totally bounded metric on the Polish space X, the distance between a point a ∈ X and a nonempty set B ⊆ X is d(a, B) = inf b∈B d(a, b).
The Hausdorff semidistance between two nonempty sets A and B is σ(A, B) = sup a∈A d(a, B), the Hausdorff distance between A and B is defined as ρ(A, B) = max{σ(A, B), σ(B, A)}. Let F X be the hyperspace of nonempty closed subsets of X endowed with the topology induced by the metric ρ.
The characterization of the measurability of correspondences with compact range in terms of mappings taking values in the hyperspace F X is well known.
The following lemma from [12] considered the case with the range of Polish spaces. 
Distributions of correspondences
In this section we prove the regularity properties of distributions of correspondences through the nowhere equivalence condition.
Let (T, T , λ) be a probability space and F a sub σ-algebra of T . X is a Polish space. If F is a correspondence from T to X, then
and
The superscript will be omitted when the σ-algebra to be considered is clear.
Given a closed valued F-measurable correspondence F from T to X, we say
Theorem 1.
Suppose that (T, T , λ) and (T, F, λ) are both atomless, 5 F ⊆ T is countably generated and T is nowhere equivalent to F, then we have the following properties.
A1 For any closed valued
A5 Let G be a measurable mapping from (T, F, λ) to the space M(X) of probability measures on X. Then there is a T -measurable mapping f from T to X such that:
, where supp G(t) is the support of the probability measure G(t) on X.
Remark 1. The condition that (T, F, λ) is atomless is not necessary, we do this for simplicity. If (T, F, λ) is not atomless, then T can be partitioned into an
atomless part T 1 and a purely atomic part T 2 . On T 2 , we can find a countably generated atomless σ-algebra F 2 such that F 2 ⊆ T T 2 and T T 2 is nowhere equivalent to F 2 ; see Lemma 1 in [8] . Denote
and countably generated, and T is nowhere equivalent to F ′ . Any F-measurable correspondence must be also measurable with respect to F ′ ,we can apply Theorem
and τ F X = λF −1 . Because of the relative saturation property, there exists a
Since τ i (Γ) = 1 for i = 1, 2, we have τ (Γ) = 1. Thus f is a T -measurable selection of F and
Proposition 3.5 of Keisler and Sun [10] gives a powerful characterization of Borel probability measures for the closure of D F F . In particular, the Borel probability measure µ belongs to the closure of D F F if and only if
n , where {f n } is a sequence of F-measurable selections of F . Since the family
is also tight. Therefore, it has a subsequence, say {λ(f n , F ) −1 } ∞ n=1 itself, which converges weakly to some measure τ such that
Because of the relative saturation property, there exists a T -measurable map-
A3. In the proof of Theorem 4 of [12] , it was shown that D F F is relatively compact. Thus, D T F = D F F is closed and relatively compact, and hence compact.
A4. Since F is compact valued and G(·, y) is a closed subset of F (·) for every y ∈ Y , G(·, y) is also compact valued. Because of (A3), H(·) is a compact valued correspondence.
To show H is upper-hemicontinuous, if
Gy . Thus, H is upper-hemicontinuous.
A5. Since G is F-measurable, the function t → G(t)(B) is F-measurable for each Borel set B in X. Let F be the correspondence from T → X, such that 
Converse results for distributions of correspondences
In this section, we show that each of the properties A1-A5 in Theorem 1 implies the nowhere equivalence condition, which extends the corresponding results in Section 3.3 of [10] .
Theorem 2. Let (T, T , λ) be an atomless probability space, F a countably generated sub-σ-algebra of T and X a fixed Polish space. Then T is nowhere equivalent to F given any of the following conditions.
B1 For any closed valued
F-measurable correspondence F from T to X, 6 D T F is convex. B2 For any closed valued F-measurable correspondence F from T to X, D T F is closed. B3 For any compact valued F-measurable correspondence F from T to X, D T F is compact.
B4 For any closed valued correspondence G from T ×Y to X (Y is a Polish space)
such that there exists a compact valued correspondence F from T to X and
6 Note that in the proof we only need F to be finitely valued.
Gy is upper-hemicontinuous from Y to M(X). B5 For any F-measurable mapping G from T to M(X), there is a T -measurable mapping f from T to X such that:
1. for every Borel set B in X, λf −1 (B) = T G(t)(B) dλ(t), 2. for each t ∈ T , f (t) ∈ supp G(t), where supp G(t) is the support of the probability measure G(t) on X.
In the above theorem we assume that X is a fixed Polish space, the following lemma enables us to consider the real line. 
Proof. Following the argument in Section 6 of [11] , there exist a continuous onto mapping β 2 : K → A and a Borel measurable mapping β 1 : A → K such that
For any
, there exist two T -measurable selections f 1 and f 2 of F , such that λf
Proof of Theorem 2.
If (T, F, λ) is purely atomic, we are done. Suppose that T can be partitioned into two disjoint parts T 1 and T 2 , such that F T 1 is atomless and F T 2 is atomic,
Recall that (I, I, η) denotes the Lebesgue unit interval. Since (T 1 , F T 1 , λ) is atomless and F T 1 is countably generated, by Lemma 5 of [8] , there is a measure preserving mapping φ : (T 1 , F T 1 , λ) → ((γ, 1], I 1 , η 1 ) 7 , such that for any E ∈ F T 1 , 7 I 1 is the restriction of I on (γ, 1] and η 1 is the Lebesgue measure.
there exists a set E ′ ∈ I 1 , λ(E△φ −1 (E ′ )) = 0. Moreover, let φ(t) = γ 2 for any t ∈ T 2 . B1: Based on Lemma 2, we can work with some compact interval A. 
is independent of F T 1 under the probability measure λ T 1 and of measure B2. Suppose that K is an uncountable compact subset of X and there exists a point a ∈ X \ K, (T 1 , T T 1 , λ T 1 ) is the rescaled atomless probability space.
Firstly, we claim that for any F T 1 -measurable closed-valued correspondence
. Extend the correspondence F 1 to the whole space T by letting
, G is F-measurable and closed valued. Then
(1 − γ)µ n + γδ {a} ∈ D T G for every n ∈ N; indeed, for any T -measurable selection f n of F 1 such that λ T 1 f −1 n = µ n , we extend f n to be a mapping g n from T to X by letting g n (t) =
, then g n is a T -measurable selection of G and
Therefore, there exists a T -measurable selection g of G such that λg −1 = (1 − γ)µ + γδ {a} . Let f be the restriction of g on T 1 , then f is a T -measurable selection of F 1 . Since g(t) = a for t ∈ T 2 λ-a.e., λ
Secondly, we show that
; follow the same argument in the proof of Theorem 1 (A2),
and any 0 ≤ α ≤ 1, let µ = αµ 1 + (1 − α)µ 2 . µ 1 and µ 2 are two Borel measures satisfying (1), so µ satisfies (1). Because of Proposition 3.5 of [10] , µ belongs to
Thirdly, consider the correspondence F constructed in the proof of (B1) with the restricted domain T 1 . Recall that β 1 is the Borel measurable mapping form A to K in the proof of Lemma 2. Let F 2 (t) = β 1 • F (t), since F (t) only contains finite elements for every t, F 2 (t) also contains finite elements and is closed valued,
is convex. Repeat the argument in the proof of Lemma 2, one can show
Following the proof of (B1), T T 1 is nowhere equivalent to F T 1 , which implies that T is nowhere equivalent to F since F is atomic on T 2 .
B3. If D T
F is compact, it is certainly closed. Thus by repeating the argument in (B2), one can show that for any F T 1 -measurable compact valued correspondence Since the composition of β 1 and the correspondence F constructed in the proof of (B1) is indeed compact valued, T is nowhere equivalent to F.
exists a probability measure ∃µ ∈ M(A) such that µ = λg 2 , · · · } endowed with the usual metric and G a correspondence from T × Y to X such that for all t ∈ T , G(t, 0) = G 0 (t) and G(t,
. Follow the argument in (B1), we could show that T is nowhere equivalent to F.
0≤i≤n−1 δ {β 1 (φ(t)+i)} + 0≤i≤n−1 δ {β 1 (−φ(t)−i)} , where β 1 and β 2 below are defined in the proof of Lemma 2. G 1 is F-measurable. There exists a T -measurable mapping f 1 such that f 1 (t) ∈ {β 1 (φ(t) + i), β 1 (−φ(t) − i) : 0 ≤ i ≤ n − 1} and for every Borel set B 1 in K, λf
, where F is the correspondence constructed in the proof of (B1). For every Borel set B ⊆ A,
where µ is the measure constructed in the proof of (B1), then λf −1 = µ. Thus, T can be shown nowhere equivalent to F by repeating the proof of (B1).
4 Regular conditional distributions of correspondences
Definitions
Let (T, T , λ) be an atomless probability space and F a sub-σ-algebra of T . Denote C b (X) as the set of all bounded continuous function from X to R for some Polish space X.
The following definition is standard, see [2] .
Definition 2. An F-measurable transition probability from T to X is a mapping
The set of all F-measurable transition probabilities from T to X is denoted by R F (X), and R F when it is clear.
Definition 3.
A sequence {φ n } in R F is said to weakly converge to some φ ∈ R F (φ n =⇒ φ) if for every bounded Carathéodory function 9 c :
The weak topology on R F is defined as the weakest topology for which the func- Lemma 3. φ n , φ ∈ R F for ∈ N. Then φ n =⇒ φ if and only if
for every E ∈ F and c ∈ C b (X).
If f is a T -measurable mapping from T to X, then µ f |F denotes the regular conditional distribution (RCD) of f given F. 10 That is, µ f |F is a mapping from
is a probability distribution on X for any t ∈ T ;
given any Borel subset
Let F be a correspondence from T to X. Then
which is the set of all RCDs induced by T -measurable selections of F conditional on F.
Regular conditional distributions of correspondences
In this section we show that the corresponding results of Theorem 1 still hold if we consider the regular conditional distributions.
Theorem 3.
Suppose that (T, T , λ) is atomless and F is a countably generated sub-σ-algebra of T . If T is nowhere equivalent to F, then for any sub-σ-algebra G of F, we have the following results.
is weakly closed.
is weakly compact.
is upper-hemicontinuous from Z to R G .
C5
For any G ∈ R F , there exists a T measurable mapping g such that µ g|F = G. Lemma 4.4 (iii) of [9] . Thus the property (A5) of Theorem 1 is a special case by taking G as the trivial σ-algebra. We will give an alternative proof for the property (C5).
Remark 3. The property (C5) in the above theorem was proved in
Proof. Given a sub-σ-algebra G ⊆ F and an F-measurable correspondence F .
Suppose that ψ is a mapping from T to some Polish space Y such that G is induced
Since X and Y are both Polish spaces, there exists a family of Borel probability measures {ϑ (ψ,f ) (y, ·)} y∈Y (which is η-a.e. uniquely determined) in M(X) which is a disintegration of ν (ψ,f ) .
Define a transition probability µ f from T to M(X) as µ f (t, B) = ϑ (ψ,f ) (ψ(t), B)
for any t ∈ T and Borel set B ⊆ X. Define
we shall prove that R ψ coincides with R
Fix an arbitrary T -measurable selection f of F . For any E ∈ G, there exists a
C1. Suppose that f 1 and f 2 are two T -measurable selections of F and 0 ≤ α ≤
For any E ∈ G, Borel subsets E ′ ⊆ Y and B ⊆ X such that λ(E△ψ −1 (E ′ )) = 0,
C2. Suppose that f n is a T -measurable selection of F for each n ∈ N and {µ fn|G } is weakly convergent to some µ in R G . Define the probability measure
, where E ′ and B are Borel sets in Y and X.
which implies that ν (ψ,fn) weakly converges to ν. The first equality is the disinte-gration; the second equality is changing of variables; the third equality is due to the weak convergence; the last equality is due to the definition of ν.
; i.e., there ex-
C3. Suppose {f n } is a sequence of T -measurable selections of F , we need to
show that there exists a subsequence of {µ fn|G } ∞ n=1 which weakly converges to some element in R
is compact, there is a subsequence of {f n }, say {f n } itself, and a Tmeasurable selection f of F , such that λ(ψ, f n ) −1 weakly converges to λ(ψ, f ) −1 .
C4. Suppose z n → z 0 and µ gn|G =⇒ µ, where {g n } are T -measurable selections of G zn . We will show that µ ∈ R (T ,G) Gz 0
.
Define the measure ν and ν n in M(Y × X) as
where E ′ and B are Borel sets in Y and X. Follow the step in the proof of (C2), we can show that there is a subsequence of {ν n }, say {ν n } itself, which weakly converges to ν.
. That is, there is a T -measurable selection g of G z 0 such that ν = λ(ψ, g) −1 . It is easy to verify that µ = µ g|G ∈ R The proof completes.
Note that in the proof of Theorem 3 (C5), the mapping g constructed indeed satisfies the following property: for λ-a.e. t ∈ T , g(t) ∈ supp G(t), we now show that this property is also implied by the conclusion of (C5).
Corollary 1. Given G ∈ R F and a T -measurable mapping g. If µ g|F = G, then for λ-a.e. t ∈ T , g(t) ∈ supp G(t).
Proof. Since µ g|F = G, for any D ∈ F and Borel subset B ⊆ X, we have 
Define a mapping c from T ×X to R as c(t, x) = 1 supp G(t) (x). Then c is positive and F ⊗ B(X)-measurable, and hence an increasing limit of a sequence of simple functions. Equation 2 holds for every rectangle, thus we have T c(t, g(t)) dλ(t) = T X c(t, x)G(t, dx) dλ(t) = 1 by the monotone convergence theorem. Thus, c(t, g(t)) = 1 for λ-a.e. t ∈ T and the proof completes.
Remark 4. Note that we have extensively used Theorem 1 in the proof of Theorem

However, Theorem 1 is indeed a direct corollary of the Theorem 3 if we choose
G to be the trivial σ-algebra.
The following is an easy corollary of Theorem 2. 
D5
For any G ∈ R F , there exists a T -measurable mapping g such that µ g|F = G.
